Threshold of a Random Laser with Cold Atoms by Froufe-Pérez, Luis S. et al.
ar
X
iv
:0
81
2.
02
66
v4
  [
ph
ys
ics
.at
om
-p
h]
  3
 Ju
n 2
00
9
Threshold of a Random Laser with Cold Atoms
Luis S. Froufe-Pérez
1
, William Guerin
2
, Rémi Carminati
3
and Robin Kaiser
2∗
1
Instituto de Cienia de Materiales de Madrid, CSIC, Sor Juana Inés de la Cruz 3, Cantoblano, Madrid 28049, Spain,
2
Institut Non Linéaire de Nie, CNRS and Université de Nie Sophia-Antipolis, 1361 route des Luioles, 06560 Valbonne, Frane,
3
Institut Langevin, ESPCI, CNRS UMR 7587, Laboratoire d'Optique Physique, 10 rue Vauquelin, 75231 Paris Cedex 05, Frane.
(Dated: November 9, 2018)
We address the problem of ahieving an optial random laser with a loud of old atoms, in
whih gain and sattering are provided by the same atoms. The lasing threshold an be dened
using the on-resonane optial thikness b0 as a single ritial parameter. We predit the threshold
quantitatively, as well as power and frequeny of the emitted light, using two dierent light transport
models and the atomi polarizability of a strongly-pumped two-level atom. We nd a ritial b0 on
the order of 300, whih is within reah of state-of-the-art old-atom experiments. Interestingly, we
nd that random lasing an already our in a regime of relatively low sattering.
PACS numbers: 42.25.Dd,42.55.Zz
Random lasing ours when the optial feedbak due
to multiple sattering in a gain medium is strong enough
so that gain in the sample volume overomes losses
through the surfae. Sine its theoretial predition by
Letokhov [1℄, great eorts have been made to experimen-
tally demonstrate this eet in dierent kinds of systems
[2, 3, 4, 5, 6℄, as well as to understand the fundamentals of
random lasing [7, 8℄. The broad interest of this topi is
driven by potential appliations (see [9℄ and referenes
therein) and by its onnetions to the subjet of An-
derson loalization [10℄. State-of-the-art random lasers
[9℄ are usually based on ondensed matter systems, and
feedbak is provided by a disordered sattering medium,
while gain is provided by an ative material lying in the
host medium or inside the satterers. In general, satter-
ing and gain are related to dierent physial entities.
Another system that an be onsidered for ahieving
random lasing is a old atomi vapor, using magneto-
optial traps, where radiation trapping [11℄ as well as
lasing [12, 13℄ have been demonstrated. One advantage
is the ability to easily model the mirosopi response
of the system omponents, whih an be extremely valu-
able to fully understand the physis of random lasers.
However, in suh system, the ability to ombine gain and
multiple sattering at the same time is not obvious, as
both should be provided by the same atoms. The pur-
pose of this Letter is to address this issue quantitatively.
Note that even though new interesting features appear
when oherent feedbak is involved [14℄, we will onsider
only inoherent (intensity) feedbak.
Following Letokhov's theory, we onsider a homoge-
nous, disordered and ative medium of size L. The ran-
dom lasing threshold is governed by two harateristi
lengths: the elasti sattering mean free path ℓsc [15, 16℄
and the linear gain length ℓg (ℓg < 0 in the ases of ab-
sorption or inelasti sattering). In the diusive regime,
dened as L≫ ℓsc, the lasing threshold is reahed when
the unfolded path length, L2/ℓsc, beomes larger than
the gain length. More preisely, the threshold is given by
[1, 17℄ Leff > βπ
√
ℓsc ℓg/3, where β is a numerial fator
that depends on the geometry of the sample (β = 1 for a
slab, β = 2 for a sphere), and Leff = ηL is the eetive
length of the sample, taking into aount the extrapola-
tion length [15℄. Another important length sale is the
extintion length, as measured by the forward transmis-
sion of a beam through the sample, T = e−L/ℓex . The
extintion length is given by ℓ−1ex = ℓ
−1
sc − ℓ−1g .
Let us onsider now a homogeneous atomi vapor, on-
stituted by atoms of polarizability α(ω) at density ρ,
submitted to a homogeneous pump eld. The extin-
tion length and the sattering mean free path are related
to their orresponding ross-setion σ by ℓ−1ex,sc = ρ σex,sc,
with σex(ω) = k0×Im[α(ω)] and σsc(ω) = k40/6π×|α(ω)|2
[18℄. As we onsider only quasi-resonant light, we use
only the wave vetor k0 = ω0/c with ω0 the atomi fre-
queny. We also dene a dimensionless atomi polariz-
ability α˜ suh that α = α˜ × 6π/k30 (we omit the depen-
dene on ω in the following). As it is an intrinsi param-
eter of the loud, it is onvenient to use the on-resonane
optial thikness b0 = ρσ0L, where σ0 = 6π/k
2
0 is the
resonant sattering ross-setion (without pump laser).
Using these quantities, the threshold ondition writes
ηb0 >
βπ
√
3|α˜|2 (|α˜|2 − Im(α˜)) . (1)
Moreover, we have L/ℓsc = b0|α˜|2 and η = 1 +
2ξ/ [L/ℓsc + 2(β − 1)ξ] with ξ ≃ 0.71 for L > ℓsc [19, 20℄.
Note that deeply in the diusive regime (L≫ ℓsc), η ∼ 1.
Eq. (1) is the rst result of this Letter. It shows,
in the diusive regime, the existene of a threshold of
random lasing as soon as the medium exhibits gain, i.e.,
|α˜|2−Im(α˜) > 0. This threshold is given by a ritial on-
resonane optial thikness, expressed as a funtion of the
atomi polarizability only. Interestingly, the ondition
Im(α˜) < 0, orresponding to single-pass ampliation
(T > 1), is not a neessary ondition.
The previous result is general and does not depend on
a partiular pumping mehanism or atomi model. Let
2us now speify a gain model that will allow numerial
evaluations of the lasing threshold and of the features
of the emitted light. We shall use the simplest ase of
strongly-pumped two-level atoms, for whih the normal-
ized atomi polarizability at frequeny ω an be written
analytially (assuming a weak probe intensity) [21℄,
α˜(δ,∆,Ω) = −1
2
1 + 4∆2
1 + 4∆2 + 2Ω2
× (δ + i)(δ −∆+ i/2)− Ω
2δ/(2∆− i)
(δ + i)(δ −∆+ i/2)(δ +∆+ i/2)− Ω2(δ + i/2) .
(2)
In this expression, ∆ = (ωp−ω0)/Γ is the normalized de-
tuning between the pump frequeny ωp and the atomi
transition ω0 of linewidth Γ, δ = (ω−ωp)/Γ is the normal-
ized detuning between the onsidered probe frequeny
and the pump, and Ω is the Rabi frequeny, normalized
by Γ, assoiated with the pump-atom interation. For a
strong enough pumping power, this atomi polarizabil-
ity allows for single-pass gain, when Im(α˜)<0. This gain
mehanism is referred as Mollow gain [13, 21℄ and orre-
sponds to a three-photon transition (population inversion
in the dressed-state basis).
For eah ouple of pumping parameters {∆,Ω}, the use
of the polarizability (2) into the threshold ondition (1)
allows the alulation of the ritial on-resonane optial
thikness b0 as a funtion of δ. Then, the minimum of
b0 and the orresponding δ determine the optial thik-
ness b0cr that the loud must overome to allow lasing,
and the frequeny δRL of the random laser at threshold.
The result is presented in Fig. 1 for a spherial geometry
(β = 2). The result for b0cr is independent of the sign
of ∆ and we only show the region ∆ > 0. The mini-
mum optial thikness that allows lasing is found to be
b0cr ≈ 200 and is obtained for a large range of param-
eters, approximately along the line Ω ≈ 3∆. The op-
timum laser-pump detuning is near the gain line of the
transmission spetrum, i.e., δRL ∼ sign(∆)
√
∆2 +Ω2 (a
small shift ompared to the maximum gain ondition is
due to the additional onstraint of ombined gain and
sattering).
The obtained ritial optial thikness is ahievable
with urrent tehnology [22℄, showing that random las-
ing is possible in a system of old atoms with Mollow
gain. As this result has been obtained using the diusion
approximation, the ondition L/ℓsc = b0|α˜|2 ≫ 1 must
be satised. This is not the ase in the full range of ran-
dom lasing parameters that we have found. For example,
with ∆ ≈ 1 and Ω ≈ 3, the ritial optial thikness is
almost minimum, b0cr = 213, but L/ℓsc ≈ 0.44. In this
ase, the threshold dened by Eq. (1) is at best unjusti-
ed, at worst wrong. In order to identify in Fig. 1 the
region in whih the approah should be valid, we have
hathed the area orresponding to L/ℓsc < 3. Note that
random lasing is still expeted in this region, but for a
larger on-resonane optial thikness, that would allow
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FIG. 1: Threshold of random lasing based on Mollow gain
[21℄, alulated for eah pair of pumping parameters ∆ (de-
tuning) and Ω (Rabi frequeny) with Eqs. (1,2). Only the
∆ > 0 part is represented. (a) Critial optial thikness b0cr
to allow lasing. (b) Detuning δRL of the random laser from
the pump frequeny. The blak area orresponds to a for-
bidden region (no gain). The hathed part orresponds to
parameters for whih the diusion approximation is a priori
not reliable.
the fulllment of the diusive ondition. The minimum
optial thikness in the region of parameters ompatible
a priori with the diusion approximation is 347, and is
loated in the viinity of {∆ = 1,Ω = 1.2}.
This rst evaluation demonstrates the need for a more
rened transport model. In the following, we use the ap-
proah introdued in Ref. [23℄, that is based on the radia-
tive transfer equation (RTE). The RTE is a Boltzmann-
type transport equation [24℄, that has a larger range of
validity with respet to the ratio L/ℓsc than the diusion
equation [25℄.
Letokhov's diusive theory [1, 17℄ and the RTE-based
theory [23℄ of random lasing both rely on a modal expan-
sion of the solution of the transport equation. In order to
ompare the preditions of both models, we fous on the
slab geometry (β = 1) sine the modal expansion of the
RTE is well known in this ase [19℄ (to our knowledge, no
simple expansion is available for a sphere in the RTE ap-
proah). The modal approah onsists in looking for solu-
tions of the form Ψs(z,u, t) = φκ,s(u) exp(iκz) exp(st),
where Ψ(z,u, t) is the spei intensity (z is the distane
from the slab surfae and u denotes a propagation di-
retion). For a given real κ, s(κ) and φκ,s form a set of
eigenvalues and eigenfuntions of the RTE. If one denotes
3by s0(κ) the eigenvalue orresponding to the mode with
the longest lifetime in the passive system, a laser instabil-
ity appears when s0(κ) > 0 in the presene of gain. The
lasing threshold is dened by the ondition s0(κ) = 0.
For isotropi sattering, this eigenvalue has an analytial
expression valid for κ ℓsc < π/2 [19, 23℄:
s0(κ)/c = ℓ
−1
g −
[
ℓ−1sc − κ/ tan(κ ℓsc)
]
(3)
where c is the energy veloity. For a slab of width L, the
dominant mode orresponds to κ=π/Leff=π/(L+2ξℓsc).
In pratie, this determination of κ is meaningful as long
as ξ = 0.71 an be taken as a onstant (independent on
L), whih is the ase for L > ℓsc. This ondition sets the
limit of auray of the modal RTE approah.
The diusive result is reovered from the RTE ap-
proah in the limit κℓsc ≪ 1 [25℄. A rst order expan-
sion of Eq. (3) yields s
(DA)
0 (κ)/c = ℓ
−1
g − κ2ℓsc/3, where
the supersript (DA) stands for diusion approximation.
The ondition s
(DA)
0 (κ = π/Leff) = 0 leads to Letokhov's
threshold, with β = 1.
The omparison between the RTE and diusive ap-
proahes deserves two omments. Firstly, the gain on-
tribution to s0(κ) (rst term in Eq. (3)) is the same in
both models. Seondly, the sattering ontribution (se-
ond term in Eq. (3)) is larger in the RTE model by a
fator of at most 1.13 (when L ∼ ℓsc). Thus, the or-
retion introdued by the RTE model, ompared to the
diusion approximation, is relatively small, as it orre-
sponds to an inrease of η b0cr of at most a few perents.
This means that the diusive model gives aurate results
down to L ∼ ℓsc, and that in old-atom systems, random
lasing an our even in a regime of low sattering.
In Fig. 2, we ompare the minimum optial thik-
ness obtained with both models for the slab geometry
and with the diusive model for the sphere geometry.
To put forward the domain of validity in eah ase, we
plot the results as a funtion of L/ℓsc. As expeted, in
the range L > ℓsc the threshold predited by the RTE
for the slab geometry is only slightly larger than the one
given by the diusion approximation, so that the two
urves an hardly be distinguished. For the sphere ge-
ometry, we dashed the part orresponding to the domain
where the diusive model is a priori not reliable, i.e.,
L/ℓsc < 3. Nevertheless, by generalizing the onlusion
obtained with the slab geometry, we reasonably expet
the threshold to be loated between 250 and 300.
Let us now turn to a rst haraterization of suh
a random laser. An important quantity to be investi-
gated is the emitted power as a funtion of the pump-
ing power. In the stationary regime (ontinuous pump-
ing) we numerially solve the optial Bloh equations
for a strongly-pumped two-level atom (without using the
weak probe approximation that leads to Eq. (2)) to
obtain the polarizability at the lasing frequeny, inlud-
ing the gain saturation indued by the random laser
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FIG. 2: Critial optial thikness for dierent geometries and
transport models. The lower, red urve orresponds to the
slab geometry (width L), with RTE model (ontinuous line)
and diusive model (open irle). The upper, blue urve or-
responds to the sphere geometry (diameter L), with the diu-
sive model. The part with L/ℓsc < 3 is dashed, as the model
may not be reliable.
intensity. Above threshold, the laser intensity in the
medium I
(in)
RL ∝ |ΩRL|2 is determined by the ondition
s0(κ, |ΩRL|2) = 0 (s0 would be positive without gain
saturation). The obtained intensity is analogous to the
intra-avity intensity of a standard laser, and thus does
not orrespond to the emitted power P
(out)
RL . At equilib-
rium, gain ompensates losses, and P
(out)
RL is equal to the
generated power, related to the gain ross-setion σg, i.e.,
P
(out)
RL ∝ σg|ΩRL|2 with σg = σ0
(|α˜|2 − Im(α˜)).
In order to know if the laser signal an be extrated
from the bakground uoresene, it is partiularly rele-
vant to ompare the emitted laser power with the pump-
indued uoresene PFluo ∝ σ0|Ω|2/(1 + 4∆2 + 2|Ω|2).
From this, we ompute the ratio
P
(out)
RL
PFluo
=
|ΩRL|2
|Ω|2
(|α˜|2 − Im(α˜)) (1 + 4∆2 + 2|Ω|2) .
(4)
We plot the result in Fig. 3 as a funtion of |Ω|2, for
a pump detuning ∆ = 1. To obtain Eq. (4), we as-
sume that both pump and laser intensities are homoge-
neously distributed aross the whole system. We also
onsider only the optimum random laser frequeny, thus
negleting the spetral width of the random laser or any
interation between dierent random laser frequenies.
Hene we neglet several eets as mode ompetition [26℄
and inelasti sattering of the laser light. Nevertheless
we think that the order or magnitude of the ratio laser-
to-uoresene powers an be realisti for atual experi-
ments, at least as long as only one mode of the laser is
ative [26℄. For the hosen set of parameters, this ratio is
more than 5% and hene laser emission should be measur-
able. Its distintion from the pump-indued uoresene
an be made by looking at the spetrum of the emitted
light. Another interesting predition of this model is that
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FIG. 3: Continuous line: Emitted random laser power nor-
malized to the pump uoresene power, as a funtion of the
pump intensity. Dashed line: Normalized laser detuning δRL.
The random medium is a spherial loud of two level atoms
with an on-resonane optial-thikness b0 = 650.
the laser emission frequeny shifts as the pump intensity
is inreased [Fig. 3℄. This orresponds to the shift of the
maximum gain of the Mollow polarizability.
In summary, we have established the possibility of
ahieving random lasing with old atoms. The random
laser threshold is desribed by a single ritial parameter,
the on-resonane optial thikness b0. In the partiular
ase of a gain mehanism based on a strongly-pumped
two-level atom (Mollow gain), our model predits a rit-
ial b0 ∼ 300. Suh an optial thikness is ahievable
in urrent old-atoms experiments, e.g. by using rossed
dipole traps [22℄. We have also determined the basi fea-
tures of the emitted light above threshold, showing that
the random laser emission should be measurable.
Another interesting result is that, due to the large gain,
lasing an be obtained with a low feedbak (low amount
of sattering, i.e., L ∼ ℓsc). This regime is similar to that
enountered in ertain semiondutor lasers with a very
poor avity, and is dierent from the working regime of
random lasers realized to date. This new regime ould be
numerially investigated by RTE-based simulations [25℄.
Finally, let us stress that the model developed here has
several limitations, so that the numbers should be onsid-
ered as rst-order estimates. Firstly, we have onsidered
monohromati pumping, thus negleting inelasti sat-
tering from the pump. The inelastially-sattered pho-
tons may have a non-negligible inuene on the atomi
response, as shown in [27℄. Seondly, the RTE model
needs to be extended to a sphere geometry, and to a
medium with inhomogeneous density and/or pumping.
This would require a full numerial solution of oupled
RTEs for the pump and probe beams [23℄. We also out-
line that the ase of the Mollow gain was hosen for the
sake of simpliity, whereas other gain mehanisms might
be more adapted for the searh of random lasing, suh as
Raman gain or parametri gain [13℄. Eah gain meha-
nism has its advantages and drawbaks, but the degrees
of freedom they oer, together with the rst estimates
presented here, make us ondent that the experimental
realization of a old-atom random laser is possible with
urrent tehnology.
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